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Introduction

THE creep phenomenon in engineering materials is
becoming more important as the industry tends toward

optimum production and the use of materials in higher
working pressure and temperature environments. The im-
portance of the creep theory is evident as it is substituted for
the theory of elasticity in the design state of the mechanical
components, because many of the elasticity rules do not apply
for the materials in high temperature conditions. In these
conditions elasticity is generally taken as the initial condition
and the set of stresses and strains changes after loading. The
stress distribution in the creep regime is governed by a set of
nonlinear stress-strain relations which yield nonlinear partial
differential'equations. In the classical problems the solutions
of these differential equations are obtained for some specific
simple cases, but for more general conditions no general
theoretical solution exists.

Among all classical problems, thick wall cylinders (because
of their extensive use in industry) are most often discussed and
analyzed; therefore more data are available concerning their
creep stress distribution for different types of loadings. Most
of these data and the methods of solution are for the case of
symmetrical loadings. For a general case of loading, Nadai1

has set up a governing equation for creep stress calculation in
the cylinders, but no solution is presented. Rabotnov2 has
also discussed the general governing equations of creep and
has presented a creep solution of a beam by linearizing the
initial creep equation. Eslami and Sabbaghian3 presented a
simple numerical method for calculation of creep stresses in a
thick-walled cylinder subjected to a nonaxisymmetric tem-
perature field. The problem of steady creep in a nonuniformly
heated thick cylinder subjected to radial temperature varia-
tion and internal pressure is discussed by Kachanov.4

Rozenblyum5 considers the effect of temperature variation
over the length of the cylinder. Danyushevskii and List-
vinskii6 presented the solution of steady creep in a thick
cylinder operating under internal pressure with a relatively
small deviation of the temperature field from axisymmetric
distribution. The temperature distribution is considered to be
of a specific type.

This paper presents a series solution for a thick-walled
cylinder subjected to internal pressure and general
nonaxisymmetric temperature distribution, and with a
relatively small deviation of the temperature field from
axisymmetric distribution. The solution is based on
linearizing the stress-strain relation. It can well be employed
in analysis of other types of the mechanical members,

General Formulation
Consider a thick-walled cylinder of inner radius a and outer

radius b, subjected to inside pressure P. The temperature does
not vary along its axis, but is in general a function of r and </>,
with the assumption that the temperature variation in the </>
direction is relatively small. In general the temperature
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distribution can be shown as3 :
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where 6a, 6* are constants and Bn (r) is a function of r. The
parameter X is assumed to be small relative to unity, such that
its second, third, and higher order powers can be neglected.

Using the incompressibility condition and considering the
plane strain condition ez = 0, the rate version of the com-
patibility equation in nondimensional form becomes 4:
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where p = r/b.
The creep strain-stress relations for the plane strain con-

dition are:
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where a* and e* are the effective stress and the rate of ef-
fective strain, respectively.l

The stress distribution in the cylinder must satisfy Eqs. (2)
and (3) along with the equilibrium equations and the boun-
dary conditions. The stresses will satisfy the equilibrium
equations if a stress function $ (/*,</>) of the following form

*(r,«)=*0(r)+X
71 = 7

is introduced, such that the following relations exist
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where

(7)
71 = 7

The superscript 0 indicates the axisymmetric solution and the
superscript n indicates the "additional stresses" due to
nonaxisymmetric temperature distribution.

The problem is to find $ such that Eqs. (2) and (3) along
with the boundary conditions are satisfied. In order to do so a
constitutive law of creep of the following form may be
considered

where B0, c, and m are constants and (*) denotes effective
stress or strain. Based on this equation, the relations between
rate of strains and stresses can be obtained. The effective
stress for this case is ] :

By substituting Eqs. (9) and (1) into Eq. (3) the creep strain-
stress relations will be fully determined, which are highly
nonlinear. This set of relations can be linearized upon power
expansion in X, and the assumption of X being small relative
to unity so that its second and higher order powers can be
neglected.
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Expanding the creep coefficient Bge^ by power series, and
neglecting the higher order terms, one would obtain

(10)
Substituting Eqs. (7) into Eq. (9), expanding the right-hand
side of Eq. (9) by the binomial series, and neglecting the
higher order terms yield

(11)

where aj = ag - a°r and a* = #£ - a"r.

Solution for Axisymmetric Stresses
The axisymmetric stresses o°r and a$ are the solutions of the

cylinder subjected to axisymmetric temperature distribution
6a + 0#&i/3p and the following boundary conditions

(12)

The stresses obtained are2:
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where
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Solution for Nonaxisymmetric Stresses
Substituting Eqs. (13) into Eq. (11) and making use of Eq.

(10), the creep strain-stress relations [Eqs. (3)] can be ex-
panded by a power series in X which, keeping the linear terms,
leads to the following relations

where for On (r) =Cnpn +C_np ~n

b1=4K}-2, b2=4K2-8K1+3, b3 = — -
m

m m

m m
and

T(p) =cK1K2—

(17)

(18)

Cn and C_n are the general constants in Bn(r) in Eq. (1).
Equation (16) can be solved by assuming a stress function of
the following form

=Rn(p)cosn(t> (19)

Upon substitution of Eq. (19) into Eq. (16) an ordinary
differential equation of the Euler type will be obtained as
follows

dp (20)

The general and particular solutions of this differential
equation for Rlf R2,... Rn can be easily obtained, which upon
substitution into Eq. (19) result in a complete solution for the
"additional stress functions." The "additional stresses" can
now be calculated from Eq. (16) which yield

a"r=(cosn<i)/b2){C"}ps"-2(s"]-n2)+C"2ps2-2(s"2-n2)

+ C"3ps"-2(s"3-n2)+C"4ps4-2(s»4-n2)

+ DIpLi-2(LI-n2)+D2pL2-2(L2-n2)}

= (ns'mn<t>/b2 ) [
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n = l

where e{?, ej, e?, and ej can be obtained easily. Substituting
the "additional strains" en

r, e^ into the compatibility
equation (2) making use of the stress function, the com-
patibility for the "additional stress functions" $w reduces to
the following equation:

nf =Tn(p)cosn<t> (16)

+ C"3ps3-2s"3 (s"3-

(21c)

where si through sn
4 are the solutions of the characteristic

equation of Eq. (20); L}=n + 2-2K}, L2 = -n + 2-2K]f
and Dj and D2 are the constants in particular solution of Eq.
(20); and C? through Cn

4 are the constants of integration in
the general solution of Eq. (20).

Since the nonhomogeneous boundary conditions, or = —p
at the inner surface of the cylinder, are already satisfied by the
axisymmetric solution, the additional stresses should satisfy
the homogeneous boundary conditions as stated below:

=° (22)
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In applying the above boundary conditions, a set of four
equations will be obtained which may be solved for the
constants of integrations Cl

n through C4
n.

Conclusion
The theoretical derivation presented in this Note is a

general method which can be applied to the problems of creep
and plasticity or any other nonlinear stress analysis problem.
The nature of the resulting differential equation after
linearization depends on the constitutive relation between
stress and strain, which is obtained using the experimental
data. Any such constitutive law, although yielding a linear
equation, may not result in an easily solved one. However,
since the differential equation is always linear, a solution can
always be obtained using classical procedures.
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